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Thermoviscoelastic Analysis of Composite Structures Using
a Triangular Flat Shell Element

Daniel C. Hammerand* and Rakesh K. Kapania®
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

To accurately model the structural response of fiber-reinforced polymer-matrix composites, it is necessary to
account for viscoelastic behavior of the polymer matrix. Therefore, the geometrically linear dynamic analysis
capability of a recently developed triangular flat shell element for elastic composite structures is extended here
to include thermoviscoelasticity. The flat shell element is the combination of the discrete Kirchhoff theory plate
bending element and a membrane element similar to the Allman triangle, but derived by transforming the linear
strain triangle element. Linear viscoelastic composite materials are modeled, resulting in the relaxation moduli
being expressed as Prony series. Hygrothermorheologically simple materials are considered for which a change in
the hygrothermal environment results in a horizontal shifting of the relaxation moduli curves on a log timescale, in
addition to the usual hygrothermal loads. The resulting hereditary integral terms are evaluated using a recursion
relationship requiring only the previous two solutions. The Newmark method is used to incorporate the inertia
terms. Numerical examples are presented to demonstrate the accuracy of the present formulation when compared
with correspondence principle solutions and results available in the literature.

Introduction

XAMPLES of viscoelastic materials include metals at high

temperatures, concrete, and polymers. For fiber-reinforced
polymer-matrix composites, the polymer matrix is typically vis-
coelastic, whereas the fibers are elastic. For polymers, the elastic
part of the material response results from the polymer chains being
stretched by the applied stress. The viscous response of polymers
results from several relaxation mechanisms, such as motion of side-
chain groups, reorientation of chain segments relative to each other,
and the translationof entire molecules pastone anotherin the case of
linear amorphous polymers in the rubbery-flow region.! Increasing
the temperature and moisture results in the viscous response being
accelerated, as has been observed experimentally?

For most amorphous polymers, experiments indicate that chang-
ing the temperatureand moistureresultsin a simple horizontal shift-
ing of the relaxation modulus on a log timescale. Such materials are
referredto as beinghygrothermorheologcally simple. For these ma-
terials, the relaxation modulus (viscoelastic stress response to a unit
applied strain) at the real temperature 7', moisture H, and time ¢ can
be related to the relaxation modulus at the reference temperature
T, reference moisture Hyr, and reduced time ¢ by

E(T, H,t) = E(Ter, Her, §) ey

where the reducedtime and the real time are related by the horizontal
shift factor Ay as follows:
dr’

t

o= [ T Ao

Although often found to be accurate, a simple horizontal shifting

is not valid for multiphase or semicrystalline polymers in general.
For two-phase polymers, horizontal shifting alone still will be accu-
rate if there is one dominant phase. In addition to using horizontal
shifting, vertical shifting can be included in accounting for the ef-
fects of physical aging or semicrystallization.Besides hasteningits
viscous response, increasing a polymer’s temperature leads to an
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increase in the elastic stiffness of a rubbery network and a decrease
in the density p that will decrease the relaxation modulus, because
the relaxation modulus obviously depends on the amount of matter
per unit cross-sectional area.! This results in an additional vertical
shifting, with the vertical shift factor p7 /et T;er multiplying the
right-hand side of Eq. (1).!

Related Works

Linear viscoelastic stress analysis can be performed in the time,
complex frequency, or Laplace domains. For general load histories
(including hygrothermal loads) and viscoelastic material proper-
ties, direct time integration schemes appear to be the most robust.
Furthermore, the incorporation of inertia terms presents no addi-
tional difficulty. When direct integration schemes were first formu-
lated, they required relatively large amounts of storage to retain all
of the previous solutions needed to evaluate the current values of
the viscoelastic memory loads.? This deficiency in the method was
remedied by the development of recursion relationships for these
loads*~% One remaining disadvantage of evaluating viscoelastic fi-
nite element equations directly in the time domain is that a large
number of time steps is needed to generate long-term solutions. The
time-step size for accurate calculations may need to be relatively
small because of possible error propagation. Given the wide avail-
ability of computational resources, these time-step size constraints
do not appear to be overly restrictive.

In most direct integration schemes, the hereditary integral form
of the constitutive law is used to allow easy incorporation of the
effects of temperature and moisture upon the material properties.
The hereditary integral contains the convolution of a stiffness oper-
ator and either the strain or the displacementitself, with a first-order
time derivative taken on either the stiffness operator or the strain or
displacement. For hygrothermorheologially simple materials, the
stiffness operator in the hereditary integral is specified in terms of
a reduced timescale. Typically, to evaluate the change in the hered-
itary integral over a single time step, one of the two terms of the
product comprising the integrand is assumed to be constant over a
time step and thus is moved outside the integral.

Zak* assumed the displacement at a given point to vary linearly
over a time step, resulting in a constant velocity in the integrand.
The stiffness operator then was assumed to be constant over a time
step, with its value taken to be that at the initial endpoint of the
time step. In the hereditary integral formulation used by White,’
the time derivative was taken to act on the stiffness operator. As-
suming the rate of change of the stiffness operator to be constant
over a time step, the hereditary integral over a time step reduced to
an integration of the strain over the time step, which was performed
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using the trapezoidal rule. Another direct integration scheme was
proposed by Taylor et al.® Similar to that of Zak,* Taylor et al.®
assumed a constant velocity at a given point over a time step. The
remaining integral of the stiffness operator over the time step was
evaluated exactly for the case where the horizontal shift factor was
constant over the time step.

In each case, expressing the stiffness operators in terms of an ex-
ponential series allows recursion relationshipsinvolving quantities
from only the previous two time steps to be used to evaluate the
current value of the viscoelastic memory terms, resulting in mini-
mum storage. Of the three direct integration schemes discussed, the
method proposed by Taylor et al.% appears to be the most accurate
because it exactly evaluates the integral of the stiffness operator
over a time step for a constant horizontal shift factor over the time
step, whereas thatintegrationis never exactin the methods proposed
by Zak* and White.> Thus, the direct integration method of Taylor
et al.® is chosen for the present development.

Zak* analyzed the thermoviscoelastic response of solid-rocket
grainsunder transientthermal loads using a finite difference scheme
for the spatial discretization. Taylor et al.® developed finite element
equations from the applicationof a variational principle for isotropic
thermorheologically simple viscoelastic structures with homoge-
neoustime-dependenttemperaturefields. The temperature field and,
hence, the thermal load vector were assumed to be independent of
the displacement field. White> assumed a homogeneous, isotropic,
thermorheologically simple material with a bulk modulus constant
in time. In performing the stress analysis of solid propellant grain
under transient thermal loads, a linear temperature variation was
assumed over each element, with the reduced time for an element
determined using its average nodal temperature’

Wang and Tsai’ used the hereditary integral approximation pre-
sented by White’ to perform isothermal quasistatic and dynamic
finite element analyses of homogeneous, isotropic, viscoelastic
Mindlin plates. The Newmark method was utilized in incorporating
the inertia term.

The integration method proposed by Taylor et al.® for linearly
viscoelastic, thermorheologicallysimple materials was extended to
a general three-dimensionalfinite element model by Ben-Zvi.® The
incremental linear viscoelastic finite element equations presented
by Ben-Zvi® only require the user to supply a constitutive routine
to a finite element code already incorporating an incremental dis-
placement approach. Thus, the full capabilities of such a host code
are maintained. Simplifications to two dimensions and extensions
to include material and/or geometric nonlinearities can be made.

Using an incremental finite element method, Krishnaet al.” stud-
ied the quasistatic response of electronic packaging structures that
have polymer films bonded to elastic substrates. The polymer film
was assumed to be linearly viscoelastic and hygrothermorheologi-
cally simple. Thermal cycling and moisture diffusion were applied
to packaging structures, with Fick’s law used to determine the mois-
ture distributionindependentof the structuralresponse problem. The
incremental formulation, including hygrothermal loads, was devel-
oped using the approximation scheme proposed by Taylor et al.® to
evaluate the hereditary integral in the constitutive law of the vis-
coelastic film.

Assuming the material for each layer to be thermorheologically
simple, Lin and Hwang'®-!! used the integration method of Taylor
etal® to evaluate the thermoviscoelastic response of laminated
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composites. A thermal load vector assuming the laminate tempera-
ture to be uniform at any instantof time was included. The contribu-
tion of the thermal load vector to the memory load was evaluated in
a manner similar to that used for the stiffness terms. The laminates
were assumed to be symmetric and under a state of plane stress, with
the mechanical loads restricted to be in-plane only. Graphite/epoxy
(Gr/Ep) laminates subjected to creep, relaxation, and temperature
load histories were studied. Hilton and Yi'?> and Yi and Hilton'? used
a formulation similar to that of Lin and Hwang'%!! to analyze the
dynamic response of hygrothermorheologically simple viscoelas-
tic composite beams and plates. The Newmark average acceleration
method was used to incorporatethe inertia term. The formulationfor
the composite beams!? included both mechanical and hygrothermal
loads, whereas the composite plate formulation'> only accounted
for in-plane and transverse mechanical loads. Hygrothermal loads
were added for the quasistaticanalysis of hygrothermorheologcally
simple viscoelastic composite plates and shells by Yi et al.'4

Extending the formulation of Lin and Hwang,'*-!! Lin and Yi'
evaluated the interlaminar stresses in linear viscoelastic composite
laminates in a state of plane strain under mechanical and hygrother-
mal loads. The laminates were assumed to be hygrothermorheo-
logically simple. In a later study, Yi and Hilton'® added Fick’s law
for diffusion to determine the in-plane and interlaminar stresses of
hygrothermorheologrally simple linear viscoelasticlaminates sub-
jected to moisture absorption and desorption.

In the present study, a direct integration scheme similar to that
of Taylor et al.® is employed to evaluate the hereditary integrals
describing the linear viscoelasticbehavior of hygrothermorheologi-
cally simple laminated plates and shells. The formulation presented
is valid for both quasistatic and dynamic analyses of composite
plates and shells under mechanical and hygrothermal loads. Five
numerical examples are presented,demonstrating the capability and
accuracy of the present formulation.

Formulation

The geometrically linear dynamic analysis capability of the tri-
angular flat shell element developed by Kapania and Mohan' is
extended here to include hygrothermoviscoeladicity. Flat shell el-
ements are formulated as a simple combination of a plate bending
element and a plate membrane element. The shell behavior (ge-
ometric coupling of bending and stretching between elements) is
achieved through the transformation of element stiffness matrices
andload vectorsto asingle global coordinatesystem. The presentflat
shell element combines the discrete Kirchhoff theory (DKT) plate
bending element'® with a membrane elementhaving the same nodal
degrees of freedom (DOF) as the Allman triangle (AT) element.'”

In the DKT element, thin-walled bending behavioris modeled by
applying the Kirchhoff hypothesisalong the edges of the triangular
element. Following Ertas et al.,”° the transformation suggested by
Cook?! is used to transform the well-known linear strain triangle
(LST) element into a membrane element having two displacements
and one rotation at each node. That is, the two translations at the
midside nodes of the LST element are mapped into in-plane trans-
lations and rotations at the corner nodes. The DOF associated with
the transformed LST membrane element and DKT bending element
are indicated in Fig. 1. Altogether, the triangular flat shell element
has three translations and three rotations at each corner node for a
total of 18 DOF.

DKT plate bending element

Fig.1 Plate membrane and bending elements comprising the triangular flat shell element.
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For an elastic composite under plane stress, including the effects
of thermal strains {e”'} and hygroscopic strains {¢”}, the stress and
strainin a layer relative to a local x-y coordinate system are related
through the transformed reduced stiffness matrix [ Q] as

{0} =[0lfe —€" — €} 3)

For a hygrothermorheologially simple, linear viscoelasticcompos-
ite, the correspondingrelationshipis

"5 0 el 9cH
{U(t)}Z/ [Q(g(t)—g’(f))]{ €(r) de’(r) e (r)}dr

ot ot ot
4)

where reduced timescales must be used in the stiffness operator to
accountfor the temperatureand moisture dependenceof the material
properties. The reduced time ¢’ corresponds to t and is defined in
a similar fashion as ¢, but with ¢ replaced by t in Eq. (2). In the
present formulation, no vertical shifting is applied to the relaxation
moduli vs time curves.

The element strains {e(f)} are expressed as

e} = (e} + 2{k (O} = [Bul{u ()} + z[Bac{u ()}  (5)

where z is the perpendiculardistance from the shell midplane, [ By]
and [ Byy] are the strain-displacementmatrices for the membraneand
bending elements, respectively, and {u} is the nodal displacement
vector for the complete shell element. The thermal and hygroscopic
strains for a layer are written, respectively, as

{e" ) = 0r(a), {e" ()} =64 (B} (6)

where {«a} and {B} are the transformed coefficients of thermal and
hygroscopic expansion, respectively, and 67 and 6y are the devia-
tion of the temperature and moisture from thermal-strain-free and
hygroscopic-strainfree states, respectively. The present formula-
tion is restricted to the case where the structure’s temperature and
moisture content are uniform at any instant of time. Equations (5)
and (6) hold for both the elastic and viscoelastic cases.

For the elastic case including inertia, the finite element equations
before time discretization are written as

(MU} + [KI{U} = {F} + {FT} + {F"} @)

where [M],[K],{F},{FT},{F#},and {U} are the assembled global
mass matrix, stiffness matrix, mechanical load vector, thermal load
vector, hygroscopicload vector, and nodal displacement vector, re-
spectively. The corresponding quantities on the element level are
denoted with lowercase letters.

For the hygrothermorheologrally simple, linear viscoelastic
case, the assembled global finite element equations before time dis-
cretization become

- ! U
[M]{U}+/ [K( —E’)]{E}dr = {F}

+/ {F'(¢ —z’)}aaﬁ dr—i—/ {FH (¢ —z’)}% dr (8)
—00 T —00 ot

where the elementstiffnesskerneland hygrothermalload kernelsare
k(¢ = ¢l = / ([Bul"[AG = ¢)][Bul
i
+[Bul"[B(¢ = £)][Baxe] + [Baxe] "[B(& — £)][Bu]

+[Bal"[D(¢ — £)[Ba]) dA ©)

(1@ - = /JB;.JT (/“"M[Q@ - z’)]{a}dz) dA
A

Zmin

+ / [By]” ( / 0 - c’)]{a}dz) dA (10)
A

Zmin

(@ -} = /JBJ (/M[Q(; - z’)]{ﬁ}dz) dA
A

Zmin

+ ﬁ[Bdkl]T (/ A0 — c’)]{ﬁ}dz) dA (1)
A

Zmin

where A is the area of the element and
[A(;—@%B(;—c’>;D<;—c’>]=/ (1; 20 —¢)]dz

(12)

The numerical technique for the solution of these equations is
similar to the approachesused by Tayloret al.,® Lin and Hwang,'%-!!
Hilton and Yi,'> '3 and Yi et al.'* The elastic transformed reduced
stiffness matrix is written as

) [Qll O, O —‘
(01=I1T1""1 01 0»n O (71" (13)
0 0  Oes

= QI[D1]+QZ[D2]+Q3[D3]+Q4[D4] (14)

where the following contracted notation for the reduced stiffnesses
is used:

01 =0, 0, =0, 03 = O, 04=0¢ (15
and [D,]-[D,] are determined using
¢t s? 2sc
[T1=1| s> ¢ —2sc (16)

—sCc Ssc ¢ — 8§

where ¢ = cosf, s = sinf, and 6 is the angle between the fiber
direction and the local x axis.

For linear viscoelasticity,each of the reduced stiffnesses(Q;, Q-,
03, and Q,) is expressed in terms of Prony series as follows:

Nr
Q. =07+ Q,e v for  r=1234 (7
p=1

where the A,, denote relaxation times governing the material re-
sponse characteristics. Furthermore, each reduced stiffness is al-
lowed to have its own reduced timescale denoted by ¢, and associ-
ated horizontal shift factor A,, in order to model the possibility that
eachreduced stiffness may be affected differently by the hygrother-
mal environment. Direct substitutionof Eq. (17) into Eq. (13) would
lead to

r=1

4
(4 +> N,)
transformed reduced stiffness matrices needed for the description
of a lamina’s behavior. This ultimately would resultin

(++37)

global stiffness matrices and thermal and hygroscopicload vectors
that would need to be stored.'””'* However, substitutionof Eq. (17)
into Eq. (14) results in the kernel [Q (¢ — ¢')] of Eq. (4) being ex-
pressed in terms of only four matrices ([ D]-[D4]) as follows:

5 - - & =g
[Q¢ =)= Z (Qf° + Z O ew(—%))[Dr]

r=1 p=1 P
(18)

The global stiffness matrix kernel then can be written in a similar
fashion as

4

Ny st
K@ —¢)=) (Q,°° +Y 0, exP<_%>>[m
p=1

r=1 P

(19)
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where [ K] is the elastic global stiffness matrix for the case in which
Q; = 1 and the other three Q, are zero. Likewise, the kernels for the
global thermal and hygroscopic loads are written as

FG— =Y <Q°° Yo, exp( i )){FT}
Arp

r=1 p=1

(20)

/ 0 & — 5,’
{F”(;—z>}=Z<Q +ZQrpeXp< )){F,H}
r=1 rp
2n
where {F/"} and { "} are the elastic global thermal and hygroscopic
load vectors, respectively, for the case where Q; =1 and the other
three Q, are zero.

The integration of a sample hereditary integral over a time step is
carried out as follows. Approximating {dU /dt} to be constantover
a time step and equal to {AUP}/At?, where A(-) = (-)? — (-)P7!,
the following approximationis made:

p

o p_
[ eo(- 5= Yo S o ~ 50,0180
t rp 22)
where
w_ L[ &=
Po—= _2r r
Srp A ), exp( o )dr 23)

Taylor et al.5 demonstrated the importance of accurately evaluating
SP, in controlling numerical error. For the case where A, is constant
over a time step, S” can be evaluated exactly as®

S, = (1/ A ), [1 = exp=ag) /3,,)] (24)

Presumably, a sufficiently small time-step size will be used so that
Eq. (24) represents an acceptable approximation to Eq. (23) for a
given variation in the hygrothermal environment.

The Newmark methodis used to representthe currentacceleration
in terms of the currentdisplacementand the previous displacement,
velocity, and acceleration. The current acceleration {U?} is calcu-
lated by rearranging the following:

(UPy = {UP "}y + Ae?{UP™ 1)
+ 3A? (1 =) U~} + y{U)] (25)
and the current velocity is given by
U7y ={U"" Y+ (1= )AP{UP Y+ AP (U} (26)

where y and v are numerical parameters determining the stability
and accuracy characteristics of the Newmark method.??

Altogether, the equationto be solved for the currentdisplacement
vector {U"} is

|: (Atﬂ)z ] + er (Qoo Z Qrp) [Kr]:|{Up}

2 _ _
:{F”}—i—[M]{m{U” T+ AtP{Up "
+<i—1>{Uﬂ-‘}}

y

4 N, 4
-2 AR +Z<Z Qrp)[Kr]{U”“}
r=1p=1 r=1

£ 3 oxfor(Fr) +op(E)]

r=1

+Z<ZSUJQ'P) [a67{F!}+ a6 {F/}] (27)

r=1

where

p—1

{pr}=/ Qmexp< ZA ‘;)[ ,J{ } T
—00 rp
— " _grp — &\ r
\/;OO Qr/) eXP( }"rp > ot {Fr }df

& =&\ (o
— 2 ) —IF
\/;oo Q’/’ eXP( )\rp > af { ' } dr (28)

Writing the expressionfor {R} ~ '} and approximatingthe hereditary
integrals from £7~2 to #”~! in a similar manner to that shown in
Eq. (22), the following recurrence relation is obtained for {Rr”p}:

{R7,} = exp(=ag/ /o) [{R])

#5010, (K AU = a0 {FT} - no ()]

(29)

Hence, the displacement solution for the current time step is com-
pletely determined in terms of quantities from only the previous two
time steps.

The following initial conditions are used:
{U%) = {0}, {U%) = {0},

{U%} = {0}, 5 =1

(30)
=0, dhy=0 (R} =10)

For the case where the temperatureand moisture are constantover
a time step, the reduced time increment AZ? is simply

1
AP = ————A1? 1
= AT i) G

If the hygrothermal environment varies over a time step, A/ can
be evaluated by numerically integrating 1/A, over the time step, as
indicated by Eq. (2).

The quasistatic equation for the current displacement is similar
to Eq. (27), but with any of the terms multiplied by the mass matrix
deleted. Either a lumped or what is termed a “consistent” mass
matrix may be usedin the calculationswhen inertiais to be included.
If a lumped mass matrix is chosen, the mass associated with each
translational DOF is simply one-third of the elemental mass. In
that case, the rotary inertia associated with each node is neglected.
If, however, a consistent mass matrix is chosen, the mass matrix
includingall terms correspondingto the rotary inertiasis formulated
as follows: The development of a consistent mass matrix for the
transformed LST element presentsno difficulties. However, because
explicit shape functions for the transverse displacement w are not
used in the derivation of the DKT element, a further approximation
in the derivationof a consistentbending mass matrix must be made.
As describedby Kapaniaand Mohan,!” in additionto using the shape
functions for 6, and 6, a nine-term polynomialin area coordinates
is introduced to approximate the transverse displacementw over an
element, allowing a consistent bending mass matrix to be found.

Once the displacements for the time period of interest have been
determined, the strainscan be computed directly from Eq. (5). Using
the constitutive law given by Eq. (4), the stress at a given point at a
given time #7 then is evaluated as

4
o} =Y 0F[DA{{e"} + 2{k”} — 6f{a} — 65}

r=1

+ZZ 0, [D1{{Ae?) + 2{AK?) — AO! ()

r=1p=1

4 N,
AR DI L/A (32)

r=1lp=1
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Calculation of nodal displacements,

velocities and accelerations

Calculate and apprly bc to
IMI*, {F}, [K L {F7 ), {FFS
Egs. (9), (10), (11)

Initialize {U}, {U}*, {O}*,
eT’ eH, {Rrp}v 'Srp
Eq. (30)
v

Choose v, y*

v
> t=tP |
V)
Input 68, 6f, and
calculate ABF. Aeﬂ
v
Calculate AL
Eq. (31)
¥

Calculate {REp }
Eq. (29)

Calculate SP

Eq. 24)
\

Calculate {UP}
Eq. (27)
v

Calculate {UP}*, {UP}*
Eqgs. (25), (26)

End

*if inertia is to be included

Calculation of elemental stress
and strain at a point

| Find {u} for all desired t |

Calculate [D,]
Egs. (13),(14), (16)

Initialize B, B, {Wro}, grp
Egs. (30), (35)

—> t=tP |
Input 6%, 6F) and
calculate ABR, AGP,

2

Calculate AP
Eq. (31)

Calculate {erp }
Eq. (34)

Calculate §,f;)
Eq. (24)

Calculate {eP}, {xP}
Eqa. (5

Calculate {cP}
Eq. (32)

Fig.2 Solution procedures used in determining desired nodal and elemental quantities.

where

[ (@ de) , [ax
g = [ e~ Joston {5t} +<{ 7

a0r 00y
- W{O{} - H_T{ﬂ}} dr

(33)

= exp(— Af’p>[{Wfp“} + 52710, D 1{{Aer 1)

o
+ 2 A” T = A0 a) — A0 8] (34)

with the initial condition
(we) = (0) G5)

Shown in Fig. 2 are flowcharts for the procedures necessary to
calculate the nodal displacements, velocities, and accelerations and
the elemental stresses and strains. Note that the global nodal dis-
placements {U} for the total time considered are found first, with
the elemental stresses and strains found afterward, if desired. The
relevant equation numbers are indicated.

Numerical Examples

From this point forward, the developed finite element is termed
TVATDKT (thermoviscoelastic, Allman triangle, discrete Kirch-
hoff theory). Five example problems are presented to demonstrate
the capability and verify the accuracy of the TVATDKT element
in its current stage of development. First, the quasistatic and dy-
namic responses of an isotropic cantilever subjected to a tip load
are determined. Numerical results for the quasistatic deflection and
stress response of a simply supported viscoelastic [0/90];, com-
posite plate under a uniform pressure load then are presented. The
strain response of a free viscoelastic composite plate subjected to
a uniform edge load applied instantaneously at # = 0 and removed
instantaneouslyat# =24 h follows. Several stacking sequences are
considered. Next, the response of one of these plates subjected to a
uniform temperature change is given. Finally, numerical results are
presented for two composite viscoelastic cylindrical panels that are
both subjected to a uniform pressure load.

Viscoelastic Cantilever with Tip Load
A tip load Py;=0.1 N is suddenly applied at =0 and held
constant thereafter. The beam has dimensions of 1.0 x 0.3 m and
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35}

exact: quasi-static
——————— TVATDKT: quasi-static

- VFRAME: dynamic (const. avg. accel.)
e — TVATDKT: dynamic (const. avg. accel.)

0.5 ————— TVATDKT: dynamic (backward diff )
0 L 1 TR R N [T S | I |
0 5 10 15 20
t (sec)

Fig.3 Quasistatic and dynamic tip deflection of cantilever beam under
suddenly applied tip force.

Square Viscoelastic [0/90]; Composite Plate Under Pressure Load

The lengthof each sideis 10 m, while the plate thicknessis 0.1 m.
The boundary conditions are taken as simply supported. A uniform
pressure load of g = 1 N/m? is suddenly applied at # =0 and held
constant thereafter. The material relaxation moduli are assumed as
follows:

E; =9.8 x 10’ N/m?

Ey(1) = (1.96 + 7.84e7"/22* 4 ¢71/10) x 10° N/m?
(38)
Vip = 0.25

G(t) = (0.98 +3.92¢7/22* £ 0.5¢7/'%) x 10° N/m?

where 7 is in seconds. This will give the fiber-dominated relaxation
modulus Q, as elastic (constant in time) and the other three relax-
ation moduli, Q,-Q4, which are matrix-dominated, as viscoelastic.

The exact quasistatic response for the transverse deflection can
be determined once again using the correspondence principle and
is given by

(1/mn) sin(mmx /L) sin(nzy/L)

w(x, y,t) = L] % i i

1 =1,3,5 n=13,5 ﬁll(m/L)4 + 2(DAlz + 2ﬁ66)(””/[~)2(”/[~)2 + ﬁzz(”/L)4

a thickness of 0.0254 m. The material is represented as a three-
parameter solid with the relaxation modulus given by

E(t) = 1.96 x 107 + 7.84 x 107e~"/*>** N/m? (36)

where ¢ is in seconds. The material density is 2200 kg/m?.

Shown in Fig. 3 are the quasistatic and dynamic results for the
cantilever tip deflection. The exact quasistatic solution for the tip
deflection is computed using the correspondence principle* as

wip = (PyL? /31)D.(1) 37

where L and I are the beam’s length and cross-sectional moment
of inertia, respectively, and D.(¢) is the creep compliance. Setting
v =0 and computing the Q, (t) using the expression given by Eq.
(36) for E () allows the flat shell element code to be used to model
the cantilever beam. Quasistatic and dynamic results for the tip
deflection are computed using 30 TVATDKT elements. For the
dynamic case, a lumped mass matrix is employed in the TVAT-
DKT code. The dynamic results also are computed using a com-
pletely independent, linear viscoelastic plane-frame element code,
VFRAME, developed by the present authors. For the VFRAME
code, the viscoelastic equations are marched in time utilizing the
Newmark method for the inertia term in conjunction with a direct
integration scheme for the viscoelasticmemory loads similar to that
proposed by White.> A total of 10 VFRAME elements are used.
For the dynamic case, the constant average acceleration method
(y =y =1/2) with At=0.01 s is used with the VFRAME and
TVATDKT formulations. Implementing the constantaverage accel-
eration method with Az =0.001 s did not appreciably change either
the VFRAME or the TVATDKT results. In Fig. 3, the differences
between the TVATDKT and exact results for the quasistatic case
and between the TVATDKT and VFRAME dynamic results using
the constant average acceleration method cannot be distinguished.
The maximum accelerationcorresponding to wg, computed for the
dynamic case using the TVATDKT formulation and the constant
average acceleration method is 101.25 mm/s.

The dynamic results oscillate about the quasistaticresults with an
amplitude of vibrationthat decreasesas time evolves, because of the
viscoelastic damping. In general, the amplitude of the oscillations
depends upon the material density, the rate at which the loading is
applied and the amount of viscoelastic damping.

A poorchoiceof y and iy for the Newmark method canleadto un-
desirednumericaldampingfora giventime-stepsize, as exhibitedby
the dynamic results shown in Fig. 3 produced using the TVATDKT
formulation with the backward difference method (y =2, ¢ = %)
and At =0.01s.

(39)

where L is the Laplace operator, () denotes the Laplace transform
of (-), and s is the Laplace variable. A total of 36 terms in the
Fourierseries was sufficientto give accurateresults for the initialand
final (r = co) viscoelasticmidpointdeflection; using 100 terms only
changed both results by slightly more than 0.0012%. Hence, using
36 terms to compute the “exact” solution for all times consideredis
acceptableand is performed. In this example and all other examples
where needed, partial fraction expansions in the Laplace domain
and inverse Laplace transforms are computed exactly utilizing the
commercial software package MATHEMATICA .2

Using the resulting expressionfor w(x, y, ), the bending curva-
ture vector {«} is found and the stresses are computed as follows:

t _ 8 a
o} = / Z[Q(r - f)]{a—:} dr = L7 {sz[Q(){k()}} (40)
0

The TVATDKT resultsfor the midpointtransversedeflection w g
and o, at Z =z using 72, 200, and 512 elements with Ar =0.1s
are shown in Fig. 4, along with exact values computed by apply-
ing the correspondence principle. For the 200-element mesh, using
At =0.01 s did not significantly change the results. The TVATDKT
results appear to converge to the exact solution.

Free Viscoelastic Laminated Plate Under Edge Load

The plate dimensions are 1.0 x 2.0 in. Each layer has a thickness
0f0.02 in. with the following material properties (matching a Gr/Ep)
at the instant the plate is loaded:

E, =18Msi, G, =09Msi, o, =0.2x107°/°F

(41

E,=14Msi, v,=034, a,=160x10"°/°F

Once again, E, is taken as fiber-dominated and constant in time.
Hence, Q, also will be constant in time. The other Q, then are
computed as

10

Q,1)=0,0) f(t) where f()=fo+ Z fie M (42)

i=1
The values given in Table 1 for f; and A; are those listed by Lin and
Hwang,'® which are a data fit to relaxationdata presented by Cross-
man et al.> A uniform edge load of N, = 276.48 Ib/in. is applied at
t =0 and held constant until # = 24 h, at which point it is suddenly
removed.

Because of symmetry, only one-fourth of the plate is analyzed
using two elements. The quasistatic strain results for several stack-
ing sequences ([£45/0/90], [£45,];,, and [(0/90),],) are shown in
Fig. 5a for At =100 s. As expected for this loading, the [£45,];
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Table1 Components of normalized
function giving viscoelastic Gr/Ep
property time variation

i fz )\l‘, S

0 0.06698253

1 0.0729459 8.174141919 x 10
2 0.0696426 4.976486103 x 10
3 0.150514 1.477467149x 10'3
4 0.148508 4.761315266 x 10"
5 0.146757 1.799163029 x 10'°
6 0.102892 5.253922053 % 108
7 0.114155 1.846670914 x 107
8 0.071036 5.288067476 x 10°
9 0.0484272 1.494783951 x 10*
10 0.00813977 5.516602214 x 107
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183
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Fig. 4 Simply supported square viscoelastic [0/90]; composite plate
under uniform pressure load.

plate shows the most time dependence in its response because the
matrix for this stacking sequence carries a larger percentage of the
load than those for the other stacking sequences.

The exact quasistatic strain solution for the [£45;], laminate is
computed as follows: For this laminate, the only nonzero stress in
each layer is simply

o, () = 1728[u(t) — u(t —24h)] psi 43)

At =100 sec
0.5 N, =276.48 Ib/in t<24 hrs
=0 t>24 hrs
0.4

|

e () x10°

= H = = H!

ook —5—— [+45/0/90],
; At D h —O— [45,],

i —a—— [(0/90),],
otf

: T B 1 L

10 20 40
t (hr)

a) [+ 45/0/90], [+ 45,1, and [(0/90);]; with A¢=100s

[+45,],
05k N _=276.48Ib/in t<24 hrs
i =0 t>24 hrs
04
» i
° -
- [
X o3l
— i
;‘:’:< -
w . —8— Exact
02~ —O&— At=10 sec
A —4A—— At=100 sec
[ ——— At=1000 sec
0.1
:‘..‘1..,.1..\,94_m.n|6@
0 10 20 30 T 40
t(hr)

b) [+ 45,]; with A¢=10, 100,and 1000 s

Fig. 5 Free viscoelastic composite plates subjected to sudden loading
and unloading.

where u(t) is the unit step function. The Laplace transform of the
constitutive law then is used to calculate €, (s). This result can be
simplified to give

€. (1) =£_l{i|:; +%:|} (44)
s 140, 01 +20,+ O3

As shown in Fig. 5b, the computed TVATDKT results using
At =10, 100, and 1000 s are all in excellent agreement with the
exact solution.

Free Viscoelastic Laminated Plate Under Thermal Load

Now consider the [£45/0/90], plate of the preceding example
to be subjected to a uniform change in temperature appliedat t =0
and held constantthereafter. The temperature for zero thermal strain
is taken as 350°F. Temperature changes of —275°F and —190°F are
considered. The shift factors for Q,, Q3, and Q, are taken to be
the same and are given as 1.0 and 1.51357E-5 for T =75°F and
T =160°F, respectively, which are taken from Lin and Hwang.!
Once again, two elements are used to model one-fourth of the plate
because using a higher number of elements does not alter the solu-
tion greatly. Shown in Figs. 6a and 6b are the results for the stress
in the 0-deg layer and the strain normalized by their initial values,
along with some of the results given by Lin and Hwang.!! In the
present analysis, a time-step size of Af =400 s is used. From the
TVATDKT calculations,theinitial o, and €, values,respectively,are
—5380.0 psi and —4.55512 x 10~* for AT = —275°F, whereas for
AT = —190°F, the initial stress and strain values are —3717.1 psi
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Fig. 6 Free viscoelastic [+ 45/0/90]; plate subjected to uniform AT
applied at = 0 and held constant thereafter.

and —3.14717 x 1074, respectively.Lin and Hwang'! computed ini-
tial stress values of —5380 psi and —3717 psi for AT = —275°F
and AT = —190°F, respectively, with an initial strain value of
—4.56 x 10~* for AT = —275°F. Good agreement exists between
the present and previously published results. Finally, it is observed
that the thermorheologically simple viscoelastic response of the
plate is a nonlinear function of the plate’s temperature.

Viscoelastic Composite Cylindrical Panels Under Pressure Load

Two cylindrical panels differing only in the panel half-angle are
subjected to a uniform pressure load g, = 0.3 psi, which is applied
suddenly at # =0 and held constant thereafter. The length of both
panels is 80 in. and the arc length of the other side is either 41.89
or 62.83 in., corresponding respectively to half-angles of ¢ =12
and 18 deg and a radius of 100 in. On each edge, both cylindrical
panels rest on diaphragms that are rigid in their plane but perfectly
flexible otherwise. The cross-ply stacking sequence is [0/90]; with
the thicknessofeachlayertakentobe 0.081n., givinga total laminate
thickness of 0.32 in. The properties at the initial time match those
givenin Eq. (41) for a Gr/Ep. Once again, Q; is assumed to be fiber
dominated and constant in time. However, the Q,-Q, relaxation
functions are determined from*

E,(t) = (116.333 + 6.02203 ¢ ~//287:15% 1 10.8854 ¢~ '/>31277

+6.75662 ¢~ 1/113:38%) 5 10* psi (45)

G1p(t) = (75.9301 + 3.86299 ¢~1/287:15% 1 6 3555 ¢~1/>512.77
+3.8522671/113:38%) % 10* psi (46)

where 7 is in minutes.

A closed-form solution for this problem using shallow shell the-
ory is computed as follows. Let v;, v,, and v; be the translational
displacements in the direction of the three shell coordinates. The
first shell coordinate &, varies along the direction having zero cur-
vature, whereas the second shell coordinate&, varies along the direc-
tion having constant nonzero curvature. The third shell coordinate
&; (the shell normal) is determined from the right-hand rule and
points away from the center of curvature of the £, -constantarcs. As
chosen, the shell coordinates are principal coordinates. Using the
Love-Kirchhoff hypothesis and other approximations appropriate
for thin elastic laminated shallow shells as described by Leissa and
Qatu,?® the governing equations in terms of v, v,, and v for a shal-
low elastic cylindrical panel with a symmetric cross-ply stacking
sequence under uniform pressure are

Anvin + Aplvyn + @30 /R)]+ Ags (V10 + v2,12) =0 (47)
Apvi s + Aplvags + (032/Ro)]+ Ags (V112 + v2,11) =0 (48)
AIZ(UI.I/RZ) + Azz[(vz.z/Rz) + (U3/R§)] + Diivs
+2(D12 + 2Dg6)v3.1122 + Dav3.0000 = ¢3 (49)
Here R, is the radius associated with the panel and () ; denotes

differentiation with respect to shell coordinate &;.
The uniform pressure load g; is written as

1
Z Z 690 sin mmé& Sin"ﬂéz (50)
wimn [ I,

m=135n=135

q3 = 4o =

The boundary conditions are

& =0,1: v,=v3=0 and N, =0, M, =0
(51)

& =0,1: vy=v3=0 and Ny =0, My, =0
(52)

where N;; and M;; are the usual force and force-couple resultants.
Using the constitutivelaw, the strain-displacementrelations and the
conditions on v;-v3 given above, the boundary conditions can be
written strictly in terms of v;-v; as

& =01 : v,=v;=0 and v, ; =0, v311 =0
(53)

& =0,1: vy=v;=0 and vy, =0, V320 =0
(54)

The boundary conditions and governing equations are satisfied
exactly by the following Fourier series expansions:

v = Z Z I, cos 7751 sin nflréz (55)
m=13,5n=1,3,5 2
_ N - J i mmwé, nué
v, = Z Z o SN ] cos L (56)
m=13,5n=1,3,5
= - . mu& | nwé
v = Z Z K, sin ] sin L 57

The constant coefficients 7,,,,, J,.., and K,,, for the elastic case are
determined by substituting Eqs. (55), (56), and (57) into Eqgs. (47),
(48), and (49) and solving. The viscoelastic results then are com-
puted using the correspondence principle by replacing A;; and D;;
with s A;; (s) and sD;; (s), respectively, and g, with g /s, and then
taking the inverse Laplace transform. A total of 49 Fourier terms is
used to compute the shallow shell theory results, with the results for
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Fig. 7 Midpoint transverse deflection (v3)piq for viscoelastic [0/90]
cylindrical panels subjected to a step uniform pressure load.

(V3)mia at £ =0 for the ¢ = 12-deg and ¢ = 18-deg panels, respec-
tively, being slightly less than 0.007 % and 0.12% different than the
results computed using 100 Fourier terms.

For both panels, a time-step size of A7 =100 min is used. The
time history of the midpoint deflection for the ¢ = 12-deg panel is
shown in Fig. 7a for several mesh sizes. The convergence appears
to be reasonable, with the error remaining for the 1800-element
case approximately equal to —0.6% for large 7. Shown in Fig. 8 are
plots of the closed-form and 1800-element TVATDKT results for
the v; deflection at & =x =0.5/; for t = 100 min and # =600 h.
The deformation pattern is such that a single extremum exists at the
panel center.

The cylindrical panel with the 18-deg half-angle is discretized
using 1800 elements. The original undeformed mesh is shown in
Fig.9a, whereas the deformedmesh at = 600 h is shown in Fig. 9b.
To ascertain the deformation pattern, the displacements were scaled
by a factor of 300 in Fig. 9b. Note that, when &, = 0.5, the shell
coordinatesystemis aligned with the x-y-z globalcoordinatesystem
shown in Figs. 9a and 9b.

Shown in Figs. 10a and 10b are plots of the shallow shell the-
ory and TVATDKT values for the v; deflection for the section at
& =x=0.51 fort =100 min and t = 600 h, respectively. As time
evolves, the v; deformationstend to increase as the shell undergoes
creep deformations, which can be observed by comparing Figs. 10a
and 10b. Figure 7b shows the TVATDKT and shallow shell theory
results for the time history of the transverse deflection at the shell

shallow shell theory: t = 100 min
- TVATDKT: t= 100 min
— — — — shallow shell theory: t = 600 hr
- TVATDKT:t =600 hr

0.08

0.07

0.06

(i
g
(=]
=
IARASE LA NRR A R EEE R Ry EanE ]

20
y(in.)
Fig. 8 Transverse deflection v3 at panel midsection (£; =1/2l;) of a
viscoelastic [0/90]; cylindrical panel with 12-deg half-angle subjected

to a step uniform pressure load. Results are shown for # =100 min and
t=600 h.

Fig.9 Viscoelastic [0/90]; cylindrical panel with 18-deg half-angle sub-
jected to step uniform pressure: a) undeformed mesh, b) deformed mesh
at =600 h with displacements multiplied by 300.

midpoint (v3)miq. The deformed shape of the shell at any given time
is similar to that shown in Fig. 9b. The applied pressure causes the
two &,-constantedges to be pulled toward the panel center, whereas
the two & -constant edges are pushed away from the panel center,
but to a lesser extent. Because of the applied boundary conditions,
the four corners do not translate. The two peaks in the deformation
move slightly inward as time evolves, whereas the center trough
remains stationary because of symmetry. The differences between
the shallow shell theory and finite element results for this panel are
somewhat larger than those for the ¢ =12-deg panel for several
likely reasons. First, using 1800 elements for the ¢ = 18-deg panel
gives a slightly larger element size than using 1800 elements for
the ¢ = 12-deg panel. Second, the adequacy of shallow shell theory
for this problem decreases as the shell becomes deeper, i.e., as the
panel half-angle increases. Finally, the deformation pattern is more
complex for the ¢ = 18-deg panel than for the ¢ = 12-deg panel.
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Fig. 10 Transverse deflection v3 at panel midsection (£; =1/2/;) of a
viscoelastic [0/90]; cylindrical panel with 18-deg half-angle subjected to
a step uniform pressure load.

Summary and Conclusions

The geometrically linear dynamic analysis capability of an elas-
tic flat shell element has been extended to include thermoviscoelas-
ticity. The element is the combination of the DKT plate bending
element and a membrane element similar to the AT element, but
derived by transferring the midside translations of the LST element
to corner node translations and rotations. Prony series are used to
represent the relaxation moduli for linearly viscoelastic behavior,
whereas reducedtimescalesare used to model hygrothermorheolog-
ically simple materials. The hygrothermalloads also are included in
the formulation. Recursion relationships are employed to evaluate
the resulting hereditary integrals,and the Newmark time integration
scheme is implemented to incorporate inertial effects.

The results produced using the present formulation agreed well
with solutions determined using the correspondence principle and
results availablein the existing literature for mechanicalloads, ther-
mal loads, and load removal. For the case of a cantilever under a
tip load, the dynamic results from the present formulation matched
the results obtained from an independent viscoelastic plane-frame
element code developed by the present authors.
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